Abstract. Factorization homology theories of topological manifolds, after Beilinson & Drinfeld and Lurie, are homology-type theories for topological n-manifolds whose coefficient systems are n-disk algebras or n-disk stacks. In this work we prove a precise formulation of this idea, giving an axiomatic characterization of factorization homology with coefficients in n-disk algebras in terms of a generalization of the Eilenberg-Steenrod axioms for singular homology. These theories give rise to a kind of topological quantum field theories, for which observables can be defined on general n-manifolds and not only closed n-manifolds. For n-disk algebra coefficients, these field theories are characterized by the condition that global observables are determined by local observables in a strong sense. Our axiomatic point of view has a number of applications. In particular, we give a concise proof of the nonabelian Poincaré duality of Salvatore and Lurie. We present some essential classes of calculations of factorization homology, such as for free n-disk algebras and enveloping algebras of Lie algebras, several of which have a conceptual meaning in terms of Koszul duality.
Introduction
Factorization homology takes an algebraic input, either an n-disk algebra or more generally a stack over n-disk algebras, and outputs a homology-type theory for n-dimensional manifolds. In the case where the input coefficients are an n-disk algebra, then this factorization homologythe topological chiral homology introduced by Lurie [Lu2] -satisfies an analogue of the axioms of Eilenberg & Steenrod. This work proves this statement and some consequences afforded by this point of view.
While the subject of factorization homology is new, at least in name, it has important roots and antecedents. Firstly, it derives from the factorization algebras of Beilinson & Drinfeld [BD] , a profound and elegant algebro-geometric elaboration on the role of configuration space integrals in conformal field theory. Our work is in essence a topological version of theirs, although the topological setting allows for arguments and conclusions ostensibly unavailable in the algebraic geometry. Secondly, it has an antecedent in the labeled configuration space models of mapping spaces dating to the 1970s; it is closest to the models of Salvatore [Sa1] and Segal [Se3] , but see also One might address this question by first making it more precise, by defining exactly what one means by a homology theory for manifolds; since we know what a homology theory for spaces constitutes, by the Eilenberg-Steenrod axioms, one might simply modify those axioms as little as possible, but so as to work only for manifolds and with the maximum possibility that new theories might arise.
Reformulating the Eilenberg-Steenrod axioms slightly, one can think of an ordinary homology theory F as a functor Spaces fin → Ch from the topological category of spaces homotopy equivalent to finite CW complexes to the topological category of chain complexes satisfying two conditions:
• The natural map J F (X α ) → F ( J X α ) is an equivalence for any finite set J;
• Excision: for any diagram of cofibrations of spaces X ′ ←֓ X ֒→ X ′′ , the resulting map
is a quasi-isomorphism of chain complexes.
The first condition can be restated as saying that the functor F is symmetric monoidal with respect to the disjoint union and direct sum. Let H(Spaces, Ch ⊕ ) stand for the collection of such functors. The Eilenberg-Steenrod axioms can then be reformulated as follows. Theorem 1.1 (Eilenberg-Steenrod). Evaluation on a point, ev * : H(Spaces, Ch ⊕ ) → Ch, defines an equivalence between homology theories valued in chain complexes with direct sum and chain complexes. The inverse is given by singular homology, the functor assigning to a chain complex V the functor C * (−, V ) of singular chains with coefficients in V .
In particular, given any such homology theory F , F is equivalent to the functor of singular chains with coefficients in a chain complex V , F ≃ C * (−, F ( * )), where F ( * ) is the value of F on a single point. Further, every natural transformation of homology theories F → F ′ is determined by the map F ( * ) → F ′ ( * ). To adapt this definition to manifolds, we make two substitutions:
(1) We replace Spaces fin with Mfld n , the collection of topological n-manifolds, not necessarily closed, with embeddings as morphisms.
(2) We replace the target Ch ⊕ by a general symmetric monoidal ∞-category C ⊗ .
We can then define H(Mfld n , C ⊗ ) as consisting of all symmetric monoidal functors from Mfld n to C which satisfy a monoidal version of excision. We then have the following analogue of the EilenbergSteenrod axioms, for C ⊗ a symmetric monoidal ∞-category satisfying a technical condition, see Definition 3.2. Theorem 1.2. There is an equivalence between homology theories for topological n-manifolds valued in C ⊗ and n-disk algebras in C ⊗ : Disk n -alg(C ⊗ ) / / H(Mfld n , C ⊗ ) : ev R n o o and this equivalence is implemented by the factorization homology functor from the left, and evaluation on R n from the right.
The n-disk algebras appearing in the theorem are equivalent to the E n -algebras of Boardman & Vogt [BV] together with an extra compatible action of the group of automorphisms of R n . Thus, at first glance, this result appears different and more complicated than the Eilenberg-Steenrod axioms because instead of having C, we instead have n-disk algebras in C. This can be explained because the object R n has more structure than the point; for instance, automorphisms of R n form an interesting and noncontractible space, whereas the automorphisms of a point is just a point. Nonetheless, our result does specialize to that of Eilenberg & Steenrod, as we shall see in Example 3.22. In particular, in the example C ⊗ = Ch ⊕ , these n-disk algebras are equivalent to just chain complexes with an action of the automorphisms of R n , and these homology theories are then just ordinary homology twisted by the tangent bundle.
This result has a number of immediate applications and leads to new proofs of known results. For instance, it gives a one line proof that factorization homology of the circle, in the case C ⊗ is chain complexes with tensor product, is Hochschild homology. It also gives a new and short proof of the nonabelian Poincaré duality of Salvatore [Sa1] and Lurie [Lu2] . We give further results and computations in Sections 4 & 5.
The second motivation for factorization homology comes from mathematical physics. In the various axiomatics for topological quantum field theory after Segal [Se2] , one restricts to compact manifolds, possibly with boundary; the locality of a quantum field theory is then reflected in the functoriality of gluing cobordisms. However, it is frequently possible to define a quantum field theory on noncompact manifolds, such as Euclidean space, given a choice of Lagrangian. Since there are more embeddings between general noncompact manifolds than between closed manifolds, one might then expect the axiomatics of this situation to be slightly different were one to account for the structure in which one can restrict a field, or extend an observable, along an open embedding M ֒→ M ′ .
Our notion of a homology theory for manifolds is thus simultaneously an attempt to axiomatize the structure of the observables in a quantum field theory which is topologically invariant -here the ⊗-excision of the homology theory becomes a version of the locality of the field theory -and Theorem 3.19 becomes an algebraic characterization of part of the structure of such quantum field theories. There is another characterization of extended topological field theories, namely the BaezDolan cobordism hypothesis, Lurie's proof of which is outlined in [Lu3] , building on earlier work with Hopkins, and these two characterizations are comparable in several ways. In particular, there is a commutative diagram:
We briefly explain the terms in this picture: Disk sm n and Mfld sm n are the ∞-categories of smooth n-disks and n-manifolds with smooth embeddings; Bord sm n is the (∞, n)-category of smooth bordisms of manifolds from [Lu3] ; and Alg n (C ⊗ ) is the higher Morita category, where k-morphisms are Disk fr n−k -algebras in bimodules; the superscript ∼ denotes that we have taken the underlying ∞-groupoids, restricting to invertible morphisms. The bottom horizontal functor from homology theories valued in C to topological quantum field theories valued in
), assigns to a homology theory F the functor on the bordism category sending a k-manifold M to F (M • × R n−k ), the value of F on a thickening of the interior of M .
Our characterization of homology theories can thereby be seen as an analogue of the cobordism hypothesis for the observables in a topological quantum field theory where one allows for noncompact manifolds and a strong locality principle by which local observables determine global observables.
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Not all topological field theories come from such homology theories, and the question of which do and do not is an interesting one. Costello & Gwilliam use closely related ideas in studying more general quantum field theories which are not topologically invariant, and the setting of their work suggests that perturbative quantum field theories are exactly those amenable to this characterization; see [CG] and [Gw] . The structure of observables of a topological quantum field theory which is not perturbative is better described by a generalization of factorization homology with coefficients given by a stack over n-disk algebras [Fra1] , e.g., an algebraic variety X whose ring of functions O X is enhanced to have a compatible structure of an n-disk algebra.
Factorization homology and related ideas have recently become the subject of closer study; in addition to Lurie's originating work, see [Lu2] and [Lu3] , and Costello & Gwiliam [CG] , see also [An] , [GTZ2] , [Gw] , and [MW] . We expect the theory of factorization homology to be a source of interesting future mathematics and to carry many important manifold invariants. Especially fertile ground lies in low-dimensional topology, in the study of 3-manifold and knot invariants, where invariants stemming from the homology of configuration spaces are already prevalent. This is a source of work with Ayala & Tanaka in [AFT] , where we construct factorization knot homology theories from a 3-disk algebra with extra structure, and with Costello [CF] , where we express certain finite-type knot and 3-manifold invariants in terms of factorization homology.
It is a compelling general question as to how much of manifold topology can be captured by factorization homology; this question is closely related to the Goodwillie-Weiss manifold calculus [We] . Factorization homology of M is determined by an object E M , the presheaf of spaces on n-disks determined by embeddings into M , which is an a priori weaker invariant of M than M itself. E M encodes the homotopy type of M , the homotopy type of all higher configuration spaces Conf j (M ) of M , and the tangent bundles T Conf i (M ), as well as coherence data relating these, and it would be very interesting to know when this is sufficient to reconstruct M . Remark 1.3. In this work, we use Joyal's quasicategory model of ∞-category theory [Jo] . Boardman & Vogt first introduced these simplicial sets in [BV] , as weak Kan complexes, and their and Joyal's theory has been developed most recently in great depth by Lurie in [Lu1] and [Lu2] , our primary references; see the first chapter of [Lu1] for an introduction. We use this model, rather than model categories or simplicial categories, because of the great technical advantages for constructions 1 There is a slight, but interesting difference, in that the homology theory characterization applies successfully to topological manifolds (as well as piecewise linear or smooth), whereas the cobordism hypothesis requires that the manifolds involved have at least a piecewise linear structure; the absence of triangulations for nonsmoothable topological 4-manifolds appears as a genuine obstruction. involving categories of functors, which are ubiquitous in this work. We will also make use of topological categories, such as the topological category Mfld n of n-manifolds and embeddings. By a functor Mfld n → C from a topological category such as Mfld n to an ∞-category C we will always mean a functor N Sing Mfld n → C from the simplicial nerve of the simplicial category Sing Mfld n obtained by applying the singular functor Sing to the hom spaces of the topological category. The reader uncomfortable with this language can substitute the words "topological category" for "∞-category" wherever they occur in this paper to obtain the correct sense of the results, but they should then bear in mind the proviso that technical difficulties may then abound in making the statements literally true. The reader only concerned with algebra in chain complexes, rather than spectra, can likewise substitute "pre-triangulated differential graded category" for "stable ∞-category" wherever those words appear, with the same proviso. Acknowledgments 1.4. I foremost thank Kevin Costello for many conversations on this subject, which have motivated and clarified this work, from Theorem 3.19 to the computations of the following sections, and without which I likely would not have pursued it. Joint work with David Ayala and Hiro Lee Tanaka builds and improves on many of the ideas here, and I thank them for their collaboration. I first learned the basic idea of factorization homology in conversations with Jacob Lurie and Dennis Gaitsgory in 2007, and I have benefitted greatly from this and their generosity in sharing many other insights in these intervening years. I thank Sasha Beilinson and Mike Hopkins for their great influence in shaping my thinking of this subject. I also thank Grégory Ginot and Owen Gwilliam for helpful conversations and Pranav Pandit for comments on an earlier draft of this paper.
B-framed disks and manifolds
We now specify the details of our basic objects of study, n-manifolds.
Definition 2.1. Mfld n is the symmetric monoidal topological category of topological n-manifolds which have finite good covers by Euclidean spaces. The morphism spaces are given by embeddings, with the compact open topology; the monoidal structure is disjoint union.
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That is, the mapping space is Map Mfldn (M, N ) = Emb(M, N ), the space of embeddings of M into N equipped with the compact-open topology. Note that disjoint union is not the coproduct; Mfld n has almost no nontrivial colimits, except possibly certain geometric realizations.
We will be particularly interested in n-manifolds with some extra structure, such as an orientation or a framing, which we formulate as follows: let B be a space with a map B → BTop(n) to the classifying space of the topological group of homeomorphisms of R n . Recall that for M an nmanifold of dimension n, M has a tangent microbundle, see [MS] ; the microbundle is classified by a map τ M : M → BTop(n).
Definition 2.2. The ∞-category Mfld B n of B-framed topological n-manifolds is the limit in the following diagram:
2 Thus, any M ∈ Mfldn has finitely many connected components, each of which is the interior of a compact manifold with (possibly empty) boundary. This size restriction is not an essential requirement; since all noncompact manifolds are built as sequential colimits of such smaller manifolds, this smallness condition could be removed and one could instead add to Definition 3.8 the requirement that a homology theory preserves sequential colimits.
In particular, for two B-framed manifolds, M and N , the space of B-framed embeddings of M to N is the homotopy pullback
where Map /X (M, N ) is the space of maps of M to N over X, a point of which can be taken to be a map M → N and a homotopy between the two resulting maps from M to X.
The following assures us that these spaces of embeddings have tractable homotopy types.
where Ω τ B is the loop space of B based at the homotopy point τ :
Proof. By definition, the space Emb B (R n , R n ) sits in a homotopy pullback square:
There are evident homotopy equivalences
is a homotopy equivalence. By the Kister-Mazur theorem, [Ki] , the first map including Top(n) into Emb(R n , R n ) is a homotopy equivalence. Therefore the map Top(n) → Emb BTop(n) (R n , R n ) is a homotopy equivalence. The top horizontal map in the diagram is therefore the pullback of a homotopy equivalence, and thus it is also a homotopy equivalence.
Definition 2.4. The symmetric monoidal ∞-category Disk B n is the full ∞-subcategory of Mfld B n whose objects are disjoint unions of B-framed n-dimensional Euclidean spaces.
Remark 2.5. Consider * → BTop(n), the basepoint of BTop(n). An * -structure on an n-manifold M is then equivalent to a topological framing of the tangent microbundle τ M of M , 3 and we denote the associated ∞-category of framed n-disks as Disk fr n . Disk fr n is homotopy equivalent to PROP associated to the E n operad of Boardman-Vogt [BV] , because there is a natural homotopy equivalence
, the inclusion of rectilinear embeddings as framed embeddings.
Example 2.6. For B = BO(n), with the usual map BO(n) → BTop(n), the ∞-category of topological n-disks with BO(n)-framings is equivalent to the ∞-category of smooth n-disks and smooth embeddings, Disk
. These are both equivalent to the PROP associated to the unoriented version of the ribbon, or "framed," E n operad; see [SW] for a treatment of this operad.
4 These equivalences are a consequence of the natural maps
We will also employ the category topological manifolds with boundary.
3 By smoothing theory, framed topological manifolds are essentially equivalent to framed smooth manifolds except in dimension 4.
4 The historical use of "framed" here is potentially misleading, since in the "framed" En operad the embeddings do not preserve the framing, while in the usual En operad the embeddings do preserve the framing (up to scale). It might lead to less confusion to replace the current term "framed En operad" with "unoriented En operad."
Definition 2.7. Mfld ∂ n is the symmetric monoidal topological category of topological n-manifolds possibly with boundary which have finite good covers by Euclidean spaces R n and upper half spaces R ≥0 × R n−1 . Morphisms are open embeddings which map boundary to boundary. Disk ∂ n is the full symmetric monoidal topological subcategory of Mfld ∂ n consisting of finite disjoint unions of R n and R ≥0 × R n−1 .
Remark 2.8. The category Disk ∂ n is chosen the way it is so as to be minimal with respect to the condition that any finite subject of an n-manifold with boundary has an open neighborhood homeomorphic to an object of Disk ∂ n . In particular, the closed n-disk D n is consequently not an object of Disk ∂ n . The following property is essential.
Proposition 2.9. The functor
is homotopically fully faithful. That is, for every pair of (n − 1)-manifolds M and N , the map
Proof. This follows by the standard method of pushing off to infinity in the R ≥0 direction (as in the Alexander trick or the contractibility of foliations on R n up to integrable homotopy). That is, define a deformation retraction onto the subspace Emb(M, N ) by defining for each t ∈ [0, 1] the map
Remark 2.10. Together with the Kister-Mazur Theorem, the previous proposition implies that the map
is a homotopy equivalence. Likewise, Disk ∂ n is an unoriented variant of the Swiss cheese operad of Voronov [Vo] . That is, the framed variant Disk ∂,fr n is homotopy equivalent to the PROP associated to the Swiss cheese operad.
Homology theories for topological manifolds
Factorization homology is defined for general manifolds by factorizing the manifolds into disks, on which the values is prescribed. Recall the inclusion of symmetric monoidal ∞-categories Disk B n ֒→ Mfld B n , of B-framed n-disks into all B-framed n-manifolds, where the morphism spaces are given by B-framed embeddings.
Definition 3.1. Let B → BTop(n) be as above, and let C be a symmetric monoidal ∞-category.
n -algebras in C. We will frequently make use of the following requirement for our target.
Definition 3.2. A symmetric monoidal ∞-category C
⊗ satisfies the ⊗-colimit condition if both of the following are true:
• C contains small colimits.
• The monoidal structure distributes over colimits, i.e., C ⊗ − commutes with colimits for every object C ∈ C.
Remark 3.3. The results of Section 3 (e.g., the Eilenberg-Steenrod axioms for factorization homology) only require that the monoidal structure distributes over sifted colimits; these results are established in this generality in [AFT] . However, the calculations of Section 4 and after require the monoidal structure to distribute over all colimits, so for simplicity of exposition we enforce this stronger hypothesis throughout.
With this setting, we now give a construction of factorization homology. Recall that a Disk B nalgebra A in C is a symmetric monoidal functor A : Disk B n → C, so that there is an equivalence
, E M is the restriction of the Yoneda embedding of M to the ∞-subcategory of disks.
Definition 3.4. Let C be a symmetric monoidal ∞-category which has small colimits. Given B → BTop(n), let A be a Disk B n -algebra in C, and let M be a topological n-manifold with structure B. The factorization homology of M with coefficients in A is the coend of the functor E M ⊗ A : Disk
It is helpful to have another description of the colimit defining M A: it is the left Kan extension of the functor A : Disk 
A is equivalent to the colimit of the twisted arrow category A ⊗ E M :
n → Spaces the trivial algebra in spaces (with values A(U ) = * ), there is an equivalence Groth( * × E M ) ≃ TwArr(Disk n/M ) between the Grothendieck construction of the functor * × E M : TwArr(Disk n ) → Spaces and the twisted arrow ∞-category of Disk n/M . We now use a general result that the classifying spaces BX ≃ B TwArr(X ) are equivalent for any ∞-category X , which proves the case of a trivial algebra A. Both constructions now preserves colimits in variable A, as a functor Disk n/M → C, so the result follows.
Remark 3.6. The fact that one describe factorization homology as either a coend or a left Kan extension is exactly analogous to a more familiar fact about the geometric realizations of a simplicial set X • : one can think of geometric realization as a coend (this is the usual definition, given by a quotient of i ∆ i ×X i ), or one can think of it as a left Kan extension (the colimit of the overcategory of simplices in X • of the functor which sends the simplicial i-simplex ∆[i] to the topological i-simplex
The following justifies the notational ommission of the space B from the notation M A.
Proposition 3.7. Given a map ϕ : B → B ′ of spaces over BTop(n) and M a B-framed n-manifold and A a B ′ -framed n-disk algebra, composition with the map ϕ defines a B ′ -framed n-manifold ϕM , and restriction along ϕ defines a B-framed n-disk algebra ϕA. There is a natural equivalence
between the B-framed and B ′ -framed factorization homologies.
Proof. It suffices to show that the forgetful functor Disk B n/M → Disk n/M is an equivalence. It is clearly essentially surjective, so it remains to show that it is fully faithful, i.e., that the map Emb
is a homotopy equivalence given two B-framed embeddings U ֒→ M and V ֒→ M , where Emb M (U, V ) is the homotopy fiber of the map Emb(U, V ) → Emb(U, M ) over the point {U ֒→ M } ∈ Emb(U, M ), which follows from the same argument as that a double overcategory (X /X ′ ) /X is equivalent to X /X .
We now give our second main definition of this paper, that of a homology theory. First, note that Cartesian product defines a functor Mfld 
is the ∞-category of (n − 1)-manifolds with a B-framing on the product of their tangent bundle product with a trivial line bundle. Consequently, any B-framed n-manifold of the form M 0 × R, where M 0 is an (n − 1)-manifold, can be given the structure of a Disk Similarly, given a B-framed n-manifold N = N ′ ∪ N0 N 0 × R as the collar extension of a manifold N ′ with boundary N 0 , then N admits the structure of a right (or left) N 0 × R-module structure as an object in Mfld B n . We formalize this as follows: assume we are given a decomposition of an n-manifold 
is an equivalence for every decomposition of a B-framed manifold M along a codimension-1 sub-
The ∞-category of homology theories for B-framed n-manifolds valued in
Remark 3.9. The notion of a homology theory with coefficients depends critically on the symmetric monoidal structure chosen on C. For instance, for Mod ⊕ k , with the direct sum monoidal structure, a homology theory is forced to be ordinary homology; for Mod ⊗ k , the resulting homology theories behave very differently.
Remark 3.10. One can complete the ∞-category Mfld n as follows: first, formally adjoin for every
; second, Dwyer-Kan localize by forcing the natural map from this new object |Bar
Denote this completion of the ∞-category of manifolds as Mfld n . The completion functor Mfld n → Mfld n is the universal homology theory: i.e., we now have the suggestive equivalence
as objects of Mfld n (the lefthand side is not defined in Mfld n ). By this universal property, a ⊗-excisive functor Mfld n → C is equivalent to a symmetric monoidal functor Mfld n → C that preserves geometric realizations of simplicial objects.
The following technical lemma is the crux of the later results of this section. It was first proved in [Fra2] , but the proof we give here is linguistically closer to that of [AFT] , where the more general result for structured singular manifolds is shown.
Lemma 3.11. For C a symmetric monoidal ∞-category satisfying the ⊗-colimit condition, factorization homology valued in C satisfies ⊗-excision: for any Disk B n -algebra A in C, and for any
The proof has two parts: first, there is a pushforward for factorization homology for maps M → N ; second, in the case N is an interval [−1, 1], the factorization homology of the interval is equivalent to the bar construction associated to the triple [-1,1), (-1,1), and (-1,1].
The lefthand map is an equivalence by Lemma 3.16, that factorization homology of the closed interval is equivalent to the bar construction; the righthand map is an equivalence by Proposition 3.14, the pushforward property enjoyed by factorization homology.
Note that if a map f : M → N is a fiber bundle, then taking inverse images defines a functor f −1 : Disk k/N → Disk n/M ; further, the assignment U ֒→ N goes to E f −1 U defines a functor
Likewise, if M is B-framed and N is oriented, possibly with boundary, and the restrictions of map f : M → N fiber over the interior and the boundary, then this same rule defines functors
In this situation, we can define a ∞-category T f , which will prove technically useful, as follows.
Definition 3.12. Let M be an B-framed n-manifold, and let N be an oriented k-manifold, possibly with boundary. For f : M → N a map such that the restrictions of f to both the interior of N and the boundary of N are fiber bundles, then the ∞-category T f is the limit of the following diagram
x x r r r r r r r r r r
U is submanifold of N ; V is submanifold of M which is homeomorphic to a disjoint union of Euclidean spaces; the embedding V ֒→ f −1 U is compatible with the embeddings f −1 U ֒→ M and V ֒→ M . The ∞-category T f occurs due to the following.
We have the following key finality property of ∞-categories of embedded disks.
Lemma 3.13. For any map f : M → N as above, the functor ev 0 :
Proof. The functor ev 0 is a Cartesian fibration of ∞-categories. Thus, to check finality, by Lemma 4.1.3.2 of [Lu1] , it suffices to show that the pointwise inverse images ev −1 0 V are weakly contractible for each V ∈ Disk n/M . I.e., we show that ∞-category (Disk k/N ) V / , of k-disks U in N equipped with an embedding V ֒→ f −1 U , has a contractible classifying space. This follows from the property that (Disk k/N ) V / is sifted or, equivalently, from the homotopy equivalence
and the contractibility of the Ran space.
The pushforward property for factorization homology immediately follows from the previous lemma.
Proposition 3.14. Let M be a B-framed n-manifold, N an oriented k-manifold, possibly with boundary, and f : M → N a map which fibers over the interior and boundary of N . For A a B-framed n-disk algebra in C, a symmetric monoidal ∞-category satisfying the ⊗-colimit condition, then the natural map
Proof. The functor
By Lemma 3.13, the functor ev 0 : T f → Disk It remains to show that factorization homology over the closed interval is calculated by the bar construction. This result is from [AFT] , and we tersely present the proof therein for the reader's convenience. classifying space for every embedded 1-disk U . This is immediate, because S U/ has an initial object, given by either U (if U is an object of S) or the disjoint union of U with either [−1, 0), (0, 1], or both.
Lastly, the result follows because there is an equivalence S → ∆ op , which is given by counting gaps, i.e., sending U ֒→ [−1, 1] to the ordered set of components in the complement,
This has an immediate corollary. 
Remark 3.17. There is only one small technical difference in this proof and that of [AFT] : in order to establish the general pushforward formula in [AFT] , we used the finality of the inclusion of pre-submanifolds into submanifolds of M , employing a non-maximal atlas on M associated to map M → N . Because of the simplicity of the case of pushing forward for nonsingular manifolds, we have skirted the use of pre-manifolds here. I thank David Ayala for elucidating this different approach to the pushforward.
We give the following n = 1 example to give a sense of the usefulness of ⊗-excision as well as some intuition about how factorization homology behaves. First, recall the equivalence Alg(C ⊗ ) ≃ Disk Theorem 3.18. For an associative algebra A in a symmetric monoidal ∞-category C satisfying the ⊗-colimit condition, there is an equivalence
between the factorization homology of the circle with coefficients in A and the Hochschild homology of A.
Proof. We have the equivalences
We give the following characterization,à la Eilenberg-Steenrod, for factorization homology; this is the central conceptual result of this paper.
Theorem 3.19. For C a symmetric monoidal ∞-category satisfying the ⊗-colimit condition, there is an equivalence
n -algebras in C and homology theories of B-framed n-manifolds with coefficients in C. This equivalence is implemented by the factorization homology functor , and evaluation on R n .
Proof. The counit of the adjunction Disk
n , C ⊗ ) defines, for any symmetric monoidal functor F , a natural map A → F , where A = F (R n ) is the Disk B n -algebra defined by the value of F on R n . The unit of this adjunction is an equivalence because Disk B n → Mfld B n is fully faithful, and Kan extending along a fully faithful. Thus, it suffices to check that the counit is an equivalence.
Since both F and A are symmetric monoidal and agree on R n , the map M A → F (M ) is an equivalence for M isomorphic to a disjoint union of Euclidean spaces, M ∼ = I R n . By induction, we can now see that the values of F and A agree on thickened spheres S k × R n−k , the base case of k = 0 just having been shown. In the inductive step, assume the result for S i−1 × R n−i+1 . Since S i × R n−i can be decomposed along the thickened equator S i−1 × R n−i+1 , we obtain the equivalence
where the first equivalence is by the ⊗-excision property of factorization homology, and the last equivalence is by the assumption that F is a homology theory. We now restrict to the case of B-framed n-manifolds where n is not equal to 4. By the handlebody theory for topological manifolds, [KS] for n > 5, [Qu] for n = 5, and [Mo] for n = 3, all such manifolds admits a handle decomposition. We now prove the result outside dimension 4 by induction on the handle decomposition. The base case is assured. To verify the inductive step, let M be obtained from M 0 by adding a handle of index q + 1. Therefore M can be expressed as the union This leaves the case of topological 4-manifolds, which do not admit handle decompositions in general. However, any topological 4-manifold M admits a smooth structure on the complement M {x} of a point x ∈ M , [Qu] . Consequently, M {x} admits a handle decomposition, which can be constructed from any Morse function on M {x}, and the preceding argument thereby implies the equivalence F (M {x}) ≃ M {x} A. Applying the ⊗-excision property to the decomposition M ∼ = M {x} ∪ S n−1 ×R R n , since F and A agree on the constituent submanifolds, we obtain the equivalence F (M ) ≃ M A. Therefore every homology theory F for n-manifolds is equivalent to factorization homology with coefficients in F (R n ).
An identical result holds for topological n-manifolds with boundary.
Theorem 3.20. For C a symmetric monoidal ∞-category satisfying the ⊗-colimit condition, there is an equivalence
between Disk ∂ n -algebras in C and homology theories of B-framed n-manifolds with coefficients in C. This equivalence is implemented by the factorization homology functor , and evaluation on R n .
Proof. Let F : Mfld ∂ n → C be a symmetric monoidal functor satisfying the ⊗-excision condition, and let A be the restriction of F to Disk 
where the vertical maps are equivalences. It now suffices to show that the top horizontal map is an equivalence. The equivalences of M A → F (M ) and ∂M×R A → F (∂M × R) are given by Theorem 3.19; the last equivalence ∂M ×[0,1) A → F (∂M × [0, 1)) by follows by Theorem 3.19 and Proposition 2.9.
Remark 3.21. There is an analogous theorem available for stratified singular manifolds proved in [AFT] , where embeddings preserve the stratifications. The previous theorems hold if the ⊗-colimit condition is weakened to the ⊗-sifted condition, i.e., that the monoidal structure distributes over sifted colimits. The result is proved in this greater generality in [AFT] .
The following example demonstrates how factorization homology specializes to the case of usual homology:
Example 3.22. Let C ⊕ be either the ∞-category of chain complexes or of spectra equipped with the direct sum monoidal structure. Since every object V has a canonical and essentially unique map V ⊕ V → V , there is an equivalence Disk fr n -alg(C ⊕ ) ≃ C. The factorization homology of a framed n-manifold M with coefficients in a complex V is then equivalent to M V ≃ C * (M, V ), or Σ ∞ * M ⊗V for spectra, the stabilization of M smashed with V . There is a natural functor lim − → Mfld fr n → Spaces fin , and this functor is an equivalence because: it is fully faithful since lim − →k N ) is a homotopy equivalence for every M and N ; it is essentially surjective since every finite CW complex X can be embedded into R m for m sufficiently large, and thus it is homotopy equivalent to a framed n-manifold, an open tubular neighborhood. Theorem 3.19 thereby specializes to the formulation of the Eilenberg-Steenrod axioms given in the introduction. If one uses C to be opposite Ch op , then one likewise recovers the Eilenberg-Steenrod axioms for cohomology.
To this point, we have worked with topological manifolds and embeddings with the compact-open topology, but other choices could have been made, for instance, to work with smooth manifolds, or not to have regarded the embeddings spaces as discrete; we now make several remarks as to how these alternate choices would have played out.
Remark 3.23. One could replace the ∞-category of topological n-manifolds and embeddings with that of smooth n-manifolds and smooth embeddings, Mfld sm n , or piecewise linear n-manifolds and piecewise linear embeddings, Mfld PL n , and the above theorem still holds. The proof, in fact, is even simpler, as the existence of handlebody structures is much easier than the case of topological manifolds. However, a consequence of smoothing theory [KS] is an equivalence
between smooth n-manifolds and BO(n)-framed topological n-manifolds, so long as n is not equal 4, so nothing new is obtained by considering smooth or piecewise linear manifolds rather than B-framed topological manifolds. In the case of smooth 4-manifolds, there is still an equivalence Disk , and so combining the smooth and topological versions of Theorem 3.19 gives an equivalence
between homology theories for smooth 4-manifolds and homology theories for BO(4)-framed topological 4-manifolds. Since the BO(4)-framing on the tangent microbundle is only a very weak measure of a smooth structure in dimension 4 (e.g., there is a single BO(4)-framing of R 4 , in contrast to the uncountably many smooth structures), consequently this form of factorization homology is not a refined invariant of smooth 4-manifolds. One may, however, modify this theory by adding Riemannian structures to the 4-disk algebras, which we will pursue in a future work.
We have chosen to work to this point with Mfld n , where the morphism spaces Emb(M, N ) have the compact-open topology; a consequence of putting this topology on the spaces of embeddings is that an isotopy equivalence (i.e., an embedding ψ 0 : M ֒→ N for which there is an isotopy through embeddings ψ t : [0, 1] × M → N with ψ 1 a homeomorphism) is an equivalence in Mfld n . This essentially characterizes our use of Mfld n . That is, we can formulate an equivalent version of everything we have done in which Emb(M, N ) is instead regarded as a set with the discrete topology. Denote by δMfld n the discrete category of n-manifolds, i.e., the ordinary category of n-manifolds whose homs are the discrete sets of embeddings, and Istpy the subcategory consisting of isotopy equivalences-embeddings which are isotopic to a homeomorphism. Given an n-manifold M and a symmetric monoidal functor A : δDisk n → C, we define the factorization homology M A as before, as the coend
There is a commutative diagram of equivalences
in which the vertical functors are induced by restriction along δMfld n → Mfld n and the horizontal functors are factorization homology.
Proof. The top horizontal equivalence follows from an identical argument to Theorem 3.19; the left hand vertical equivalence is proved in [Lu2] , by calculating that the left Kan extension along δDisk n → Disk n is the identity for an isotopy invariant functor.
In the subsequent sections, we will be solely concerned with the homology theories of Definition 3.8. There do, however, exist very interesting functors in Fun ⊗ (Mfld n , C ⊗ ) which do not satisfy the ⊗-excision property. In [BFN] , we were particularly concerned with one such construction: given a stack X over k, one can define a functor Mfld n → Stacks → Mod k given by sending a manifold M to the cotensor with X, M X M , and then taking sheaf cohomology. In the case of the M = S 1 the circle, this gives the Hochschild homology of X: O(X S 1 ) ≃ HC * (X). As soon as X is nonaffine, this construction will generically fail to satisfy ⊗-excision. While the cotensor only depends on the homotopy type of M , as we shall see in Proposition 5.1, it has a more refined generalization taking as input a derived stack defined over n-disk algebras, rather than commutative algebras, as in [Fra1] . n -alg(C), Spaces). Intuitively, the object M X is Γ(X, M O), the global sections of the presheaf on X obtained by applying factorization homology of M to the structure sheaf of X. From the vantage offered by Costello & Gwilliam in [CG] , this generalization of factorization homology serves as a candidate for the structure of observables in a topological quantum field theory which is not necessarily perturbative, a direction which we will pursue in future work.
Nonabelian Poincaré duality
Applying Theorem 3.19, we offer a slightly different perspective, and proof, of the nonabelian Poincaré duality of Salvatore [Sa1] and Lurie [Lu2] , which calculate factorization homology with coefficients in iterated loop spaces as a compactly supported mapping space.
Definition 4.1. For a space B, Spaces B consists of the ∞-category of spaces augmented over B. The ∞-category Spaces ≥n B is the full ∞-subcategory of Spaces B consisting of X → B for which the map is n-connective, i.e., π * X → π * B is an isomorphism for * < n.
Equivalently, an object X ∈ Spaces ≥n B may be thought of a fibration X → B with a distinguished section, and such that the fiber X b is n-connective for every point b ∈ B.
Definition 4.2. For X ∈ Spaces B and M → B a space over B, the space of compactly supported sections of X over M , Γ c (M, X), is the subspace of Map /B (M, X) consisting of those maps that equal the distinguished map in the complement of some compact subspace of M .
Note that Γ c (−, X) defines a covariant functor Mfld B n → Spaces, and which is symmetric monoidal with respect to the Cartesian product on the ∞-category of spaces. 
The following is the core technical detail in the proof, that the assignment of compactly supported sections is ⊗-excisive in our sense, provided that the map X → B is sufficiently connected. The fullness of the functor above will then be a parametrized generalization of May's theorem from [Ma] , identifying n-connective objects as Disk fr n -algebras, which is Theorem 5.1.3.6 of [Lu2] . Lemma 4.4. Let M be B-framed manifold, decomposed along a codimension-1 submanifold V ,
where V ֒→ M is a closed embedding; let X ∈ Spaces ≥n B be an n-connective space. There is a homotopy equivalence
between the space of compactly supported sections of X over M and the quotient of the product
Proof. Since V → M is a proper map, a compactly supported section over M can be restricted to obtain a compactly supported section over V . Thus, the space Γ c (M, X) is the total space of a fibration:
That is, the restriction map Γ c (M, X) → Γ c (V, X) is a fibration, and the fiber over the distinguished section can be identified with the space of compactly supported sections over M with fixed restriction to V . There is a natural action of based loop space Ω Γ c (V, X) on Γ c ((M, V ), X), and there is a natural map Γ c ((M, V ), X) Ω Γc(V,X) −→ Γ c (M, X) from the homotopy orbits of this action to the total space of the fibration. Since X → B is nconnective and V is (n − 1)-dimensional, the space Γ c (V, X) is connected. Therefore the above map is a homotopy equivalence, since any fibration over a connected space is equivalent to the homotopy orbits of the action of the based loops on the fiber: i.e., the homotopy orbits functor Mod ΩY (Spaces) → Spaces /Y from ΩY -spaces to spaces over Y is an equivalence for any connected space Y .
The
The based loop space Ω Γ c (V, X) is homotopy equivalent to Γ c (V × R, X), and the action of Ω Γ c (V, X) is likewise equivalent to the action of Γ c (V × R, X) on Γ c (M ′ ⊔ M ′′ , X). We thereby obtain that the natural map
is a homotopy equivalence, proving the result.
As a consequence, we recover the following theorem of Salvatore [Sa1] and Lurie [Lu2] ; an essentially equivalent result in terms of amalgamated configuration spaces is given by Segal in [Se3] . n -alg(Spaces), there is a natural equivalence
between the factorization homology of a B-framed n-manifold M with coefficients in Ω n B X and the space of compactly supported sections of X over M .
Proof. We apply Theorem 3.19: Since Γ c (−, X) is a homology theory, it is equivalent to factorization homology with coefficients in Γ c (R n , X), which is the n-fold loop space of the fiber of the map
X. This result specializes to Poincaré duality between twisted homology and compactly supported cohomology. Given X ≃ BTop(n) × K(A, i) a product with an Eilenberg-MacLane space, then Ω
is an n-disk algebra in spaces, where the multiplication is the usual group structure on K(A, i − n) but is equipped with a nontrivial action of Top(n). We then have an equivalence
which is the space level version of the equivalence H
, obtained by applying Ω ∞ to the spectrum level equivalence given by Atiyah duality. Given an A-orientation of M , then one can additionally untwist the left hand side, as usual.
Remark 4.6. The factorization homology M Ω n B is built from configuration spaces of disks in M with labels defined by B, and the preceding result thereby has roots in the configuration space models of mapping spaces dating to the work of Segal, May, McDuff and others in the 1970s, see [Se1] , [Ma] , [Mc] , and [Bö] . Factorization homology is not a generalization of the classical configuration spaces with labels of, e.g., [Bö] , as the configuration space with labels in X models a mapping space with target the n-fold suspension of X, rather than into X itself. Instead, factorization homology generalizes the configuration spaces with summable or amalgamated labels of Salvatore [Sa1] and Segal [Se3] .
5. Commutative algebras, Lie algebras, and free algebras Previously, we have described factorization homology for n-disk algebras in spaces, chain complexes, and spectra, when the monoidal structure is given by products, and the resulting homology theories give rise to twisted mapping spaces and usual homology theories. Factorization homology behaves very differently, and with greater sensitivity to manifold topology, when the monoidal structure on chain complexes or spectra is given by tensor product or smash product -this case is closest to the physical motivation given in the introduction, as well. We will consider this case in the section, focusing on some of the most common classes of n-disk algebra structures, which are either commutative, freely generated, or freely generated by a given Lie algebra structure. We begin with the commutative case. Note first that a commutative algebra in C is equivalent to a symmetric monoidal functor Sets fin → C from finite sets to C, and so restriction along the functor
. Then we have the following consequence of ⊗-excision, where C is a presentable symmetric monoidal ∞-category satisfying the ⊗-colimit condition:
Proposition 5.1. The following diagram commutes up to homotopy:
In particular, there is an equivalence
between the factorization homology of M with coefficients in A and the tensor of the commutative algebra A with the space M .
Proof. The two sides agree when M is contractible; the result follows by induction on a handle decomposition of M .
In other words, the factorization homology M A has a natural structure of a commutative algebra when A is commutative, and this commutative algebra has the universal property: there is a natural equivalence,
M , with the space of maps from M into the mapping space Map Com (A, C), for any commutative algebra C in C. By formal properties of left adjoints and tensors, this has the immediate corollary:
Corollary 5.2. If C satisfies the ⊗-colimit condition, then there is a natural equivalence
In particular, if C is chain complexes, then there is an equivalence M Sym(V ) ≃ Sym(C * (M, V )). We now probe the above result slightly further for the two special classes of commutative algebras arising from the cohomology of spaces and the cohomology of Lie algebras; the study of the latter has benefitted greatly from conversations with Kevin Costello and Dennis Gaitsgory.
Proposition 5.3. Let X be a nilpotent space whose first n homotopy groups are finite, |π i X| < ∞ for i ≤ n, and let R be any commutative ring R. There is a natural equivalence
between the factorization homology of M with coefficient in the R-cohomology of X and the Rcohomology of the space of maps from M to X.
Proof. The two sides are evidently equivalent in the case where M is contractible, so to establish the result it suffices, as usual, to check by induction over a handle decomposition of M . Given a decomposition M ≃ N ∪ S k ×R n−k R n , we have a homotopy Cartesian diagram
which gives rise to a natural map in R-homology
from the homology of the mapping mapping spaces to the cotensor product of the comodules C * (X N , R) and C * (X R n , R) over the coalgebra C * (X S k ×R n−k , R). This map is an equivalence exactly if the homological Eilenberg-Moore, or Rothenberg-Steenrod, spectral sequence for this homotopy Cartesian diagram converges. By Dwyer [Dw] , the convergence of this Eilenberg-Moore spectral sequence is assured by if the base X S k ×R n−k and the fibrations in the diagram are nilpotent. However, the space of maps X K is nilpotent for any K if X is by [HMRS] , as are the maps since M and N have the homotopy types of finite CW complexes. Consequently, the natural map in R-homology above is an equivalence. The remainder of this argument is checking that we have imposed sufficient finiteness conditions to ensure the convergence in cohomology as well as homology. Dualizing, we obtain an equivalence
Since the first n homotopy groups of X are finite, therefore the mapping space M K has finitely many components for any n-dimensional CW complex K. Since the source spaces, M , N , S k × R n−k , and R n , all have have the homotopy types of finite n-dimensional CW complexes, we obtain that all these mapping spaces have finitely many components. Since they are additionally finite CW complexes, the homology groups of the mapping spaces H i (X K , R) are finite rank over R, and therefore C * (X K , R) is its own double dual: the map
∨ is an equivalence. Likewise, there is an equivalence between the dual of tensor product and the cotensor product
which can be seen by commuting duality with the colimit to obtain a limit of a cosimplicial object, then comparing termwise. Arguing further, one can then conclude the the equivalence
Remark 5.4. See [GTZ1] for a closely related approach to the study of mapping spaces, in which one approaches the cohomology of a mapping space as a Hochschild homology-type invariant of the cohomology of the target.
We next turn to the factorization homology of free n-disk algebras, a topic studied in more detail in [AFT] . Denote by Free n (V ) the augmented n-disk algebra freely generated by V ∈ C, regarded as a trivial Top(n)-module. Let Conf i (M, ∂M ) denote the quotient of Conf i (M ) by the subspace of all configurations in which at least one point lies in the boundary of M .
Proposition 5.5. Let M be an n-manifold, possibly with boundary. Let C be a symmetric monoidal ∞-category which satisfies the ⊗-colimit condition. There is an equivalence
between the factorization homology of an n-manifold M , possibly with boundary, with coefficients in Free n (V ) and the coproduct of the configurations spaces of M labeled by V quotient the subspace where at least one point lies in the boundary of M .
A more general result is proved in [AFT] and [AF1] , and the argument below is a special case of that [AF1] :
follow from the commutativity of colimits. To conclude the result, it therefore suffices to show that for each i the natural map
is an equivalence. By the assumed distributivity of the monoidal structure over colimits in the ⊗-colimit condition, this will follow if the natural map of spaces
is a homotopy equivalence, which we now show. We can identify the left hand side as a colimit over the ∞-category (Disk
is a Cartesian fibration with weakly contractible pointwise inverses (as in the proof of Lemma 3.13 in the special case of f = id), so therefore it is final. Now, we can calculate the colimit of the restriction of the functor
The result now follows from the finality of ev 0 .
Remark 5.6. The preceding result has as a consequence that factorization homology is not a homotopy invariant of a closed n-manifold, since the homotopy type of configuration spaces is known to be sensitive to simple homotopy equivalence by [LS] .
From Proposition 5.5 and some reasoning on stable splittings of configuration spaces, one can deduce the following. For the previous proposition, we required the monoidal structure of C to distribute over colimits; for convenience, we next assume C is stable in addition.
Proposition 5.7. For any V ∈ C and any nonnegative integer m < n, there is an equivalence
Proof. Both sides split as coproducts in homogenous terms V ⊗k , so it suffices to show that the coefficients of these terms are degreewise equivalent. First, we show the case of V = Σ ∞ X the suspension spectrum of a pointed connected space X. There is then an equivalence
where the first equivalence is by nonabelian Poincaré duality and the second is by the splitting of the fiber sequence Map * (K, G) → G K → G as the product of based maps times constant maps Map * (K, G) × G whenever G is a group -for this single step it is necessary for m to be strictly less than n. Passing to the suspension spectrum on either side begets the further equivalence
where for the left hand side we use Proposition 5.7. Collecting coefficients of terms which are homogenous in X determines a Σ k -equivariant stable homotopy equivalence between
where Σ k × Σi − is induction from Σ i -spectra to Σ k -spectra. This equivalence in homogenous coefficients thus determines the equivalence for general V , not just for the suspension spectrum of a space.
Remark 5.8. The equivalence in the above proposition can be upgraded to an equivalence of (n−m)-disk algebras if the right hand side is given a twisted algebra structure, using a natural action of
The calculations to this point allow the following interesting description of the bar construction on a free n-disk algebra. Let C be a symmetric monoidal ∞-category which satisfies the ⊗-colimit condition.
Proposition 5.9. For any X ∈ C, there is an equivalence
between the bar construction on the free n-disk algebra on X and the free (n − 1)-disk algebra generated by the suspension of X.
Proof. The bar construction B applied to an algebra is equivalent to the factorization homology of the closed 1-disk, BA ≃ D 1 A, using the simplest case of the ⊗-excision property for the gluing [0, 1] ∼ = [0, 1) ∪ (0,1) (0, 1]. Applying Proposition 5.5, we obtain
using that, for any M , there is an equivalence
, and then suspension may be transferred to the right hand side of the monoidal product.
Remark 5.10. In [Fra2] , it was proven that B n Free n (X) ≃ 1 C ⊕ X[n], the free 0-disk algebra on the nth suspension of V , which can be seen as the result of the previous proposition applied n times. Proposition 5.9 is well known in the case of n = 1, that the bar construction for the tensor algebra on X is 1 C ⊕ X[1]. It is also entirely to be expected from the example of n-fold loop space, since for a connected pointed space X, we have B Free n (X) ≃ BΩ n Σ n X ≃ Ω n−1 Σ n X ≃ Free n−1 (ΣX). The limiting statement as n tends to ∞ gives the well-known equivalence
This result has an important consequence about the relation between the ∞-category of n-disk algebras and (n − 1)-disk algebras:
Theorem 5.11. Let C be a symmetric monoidal ∞-category which satisfies the ⊗-colimit condition. There is an adjunction
where the functors are given by the bar construction and by a functor Ω which, on objects of C, is the based loop functor.
Proof. First, the bar construction B defines a functor Disk fr n -alg aug (C) → Disk fr n−1 -alg aug (C) by using the equivalence B ≃ D 1 ×R n−1 , together with the natural Disk fr n−1 -algebra structure on R n−1 . First, we show that B is a colimit preserving functor to Disk n−1 -alg(C). By Proposition 5.9, there is a commutative diagram:
As a consequence, the functor B preserves coproducts of free n-disk algebras. By Lemma 2.7.4 from [AF1] , B also preserves geometric realizations, therefore B preserves all coproducts, since any coproduct is a geometric realization of coproducts of free algebras. Since B preserves all coproducts and geometric realizations, it therefore preserves all colimits. That is, in conclusion, B is a colimit preserving functor from n-disk algebras to (n − 1)-disk algebras. Applying the adjoint functor theorem, B is therefore a left adjoint. The diagram above is therefore a commutative diagram of left adjoints, and therefore their right adjoints commute. Consequently, B has a right adjoint which, at the level of objects of C, is given by looping.
Remark 5.12. Given the calculation DE n ≃ E n [−n], computed at the level of homology by Getzler & Jones [GJ] and computed in chain complexes by Fresse [Fre] , these functors should be equivalent to restriction and induction along the Koszul dual of the map E n → E n+1 .
We now turn to study of factorization homology of n-disk algebras coming from Lie algebras. Our results are closely analogous to those above about the factorization homology of n-disk algebras coming from topological spaces. For simplicity we will assume our Lie algebras are defined over a field of characteristic zero, but most of the results are true without this assumption.
Proposition 5.13. Let g be a finite-dimensional Lie algebra over a field k of characteristic zero, and assume either g ∈ Mod
≥0
k or ∈ Mod ≤−2 k , i.e., g is either connective or has vanishing homology groups in degrees less than -1. There is a natural map
which is an equivalence. Here g M is cotensor of g with the space M , i.e., g M is equivalent to the cohomology of M with coefficients in g, C * (M, g).
op → Mod k is a symmetric monoidal functor, sending Cartesian products of Lie algebras to tensor products. By Proposition 5.1, the factorization homology M C * Lie (g) can be calculated as the geometric realization of the simplicial object C *
. There is thus a natural map
Under the connectivity hypotheses on g, either the connectivity or the coconnectivity of the layers of the cosimplicial object tend to infinity, so the middle map is an equivalence.
Before going forward, it is helpful to have here a technical comparison of factorization homology with different target ∞-categories.
Lemma 5.14. For G : C → D a symmetric monoidal functor that preserves geometric realizations, there is an equivalence G ≃ G of functors Disk Proof. The two functors agree on disjoint unions of Euclidean spaces, so it suffices to check that G A is a homology theory with values in D; this is immediate.
See also [Gw] for a discussion of the following: 
Proof. C
Lie * : Lie -alg(C ⊗ ) → C is a symmetric monoidal functor, sending Cartesian product of Lie algebras to tensor products in C, and preserves geometric realizations, so Lemma 5.14 applies to give a natural commutation M C Lie * Map c (R n , g) ≃ C Lie * M Map c (R n , g) . The equivalence M Map c (R n , g) ≃ Map c (M, g) now follows from the argument of nonabelian Poincaré duality, only here we apply it in the usual abelian setting.
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Remark 5.16. The n-disk algebra C Lie * (Map c (R n , g)) has another, perhaps more familiar, interpretation as a type of enveloping algebra of g; see Proposition 5.17.
The n-disk algebra C Lie * Map c (R n , g) has an interesting separate interpretation:
Theorem 5.17. Let g be a Lie algebra over a field of characteristic zero. There is an equivalence of Disk fr n -algebras U n g ≃ C Lie * Map c (R n , g) and an equivalence of factorization homology theories
for every n-manifold M .
Proof. The calculation M U n g ≃ C Lie * (Map c (M, g)) is Corollary 6.4.4 of [FG] , applied in the topological context.
Remark 5.18. One can see the equivalence U n g ≃ C Lie * Map c (R n , g) of underlying objects, without algebra structures, in the following way: there are equivalences U n g ≃ Sym(g[1 − n]) ≃ C Lie * Map c (R n , g) . The first equivalence follows from the Poincaré-Birkhoff-Witt filtration of U n g from [FG] ; the right hand equivalence follows from the fact that Map c (R n , g) ≃ g[−n] is an abelian Lie algebra in characteristic zero.
Theorem 5.17 consequently relates two ways of calculating factorization homology with coefficients in a free Disk fr n -algebra, in terms of configuration spaces (Proposition 5.5) and in terms of Lie algebra homology (Proposition 5.15). Thus, we obtain the following splitting result:
Proposition 5.19. For M a framed n-manifold, there is an equivalence
Remark 5.20. Note that Free n (V ) has a Disk n -algebra refinement in which the group Top(n) acts trivially on V -this is the Disk n -algebra structure used in Proposition 5.5. Likewise, C Lie * (Map c (R n , g)) has a natural Disk n -algebra with a nontrivial Top(n) -this is the Disk n -algebra structure used in Proposition 5.15. These two Disk n -algebra structures are not equivalent. However, they are equivalent as oriented n-disk algebras. This has been used by Ben Knudsen in [Kn] to calculate the rational homology of configuration spaces of orientable manifolds, reproving and generalizing the combined results of Bödigheimer-Cohen-Tayler in [BCT] and Félix-Thomas in [FT] .
We can apply some of the preceding calculations to reprove a result of Feigin & Tsygan from [FT] ; see [GK] for a very similar result in the cyclic context. Theorem 5.21. Let g be a finite-dimensional Lie algebra over a field of characteristic zero, which is concentrated in either homological degrees less than −1 or greater than 0. Then there is an equivalence HC * (Ug) ∨ ≃ HC * (C * Lie g)
5 See Section 4 of [AFT] for a further discussion.
between the dual of the Hochschild homology of the enveloping algebra of g and the Hochschild homology of its Lie algebra cohomology.
Proof. Using the equivalence between factorization homology of S 1 and Hochschild homology in the case n = 1, we apply Theorem 5.17 to obtain the equivalence HC * (Ug) ≃ C Lie * Map(S 1 , g) .
Applying Proposition 5.13, we have an equivalence HC * (C * Lie g) ≃ C * Lie (Map(S 1 , g)), and the result follows from dualizing the first equivalence.
We conclude the present discussion with two remarks regarding future works.
Remark 5.22. The above calculations offer some apparent coincidences between the factorization homology of certain similar looking n-disk algebras. That is, given a closed n-manifold M , a pointed n-connective space X, and a suitably (co)connected Lie algebra g, then we have a pair of equivalences:
Koszul duality for n-disk algebras gives explanation for this phenomenon. In joint work with David Ayala, to appear in [AF1] , we construct a geometric version of Koszul duality for n-disk algebras, in the sense of [GiK] , which we show interchanges with Koszul duality, so that the above calculations become examples of a general Poincaré/Koszul duality. Our result further holds without connectivity conditions, but this extension requires a formal moduli version of factorization homology as in Definition 3.25.
Remark 5.23. For the purpose of obtaining refined invariants of manifolds, the most interesting ndisk algebras to consider are not the examples we have done above, but rather quantum deformations of these algebras, for instance over a formal parameter . For instance, Lie algebra cohomology C * g has very interesting framed 3-disk algebra deformation which Kevin Costello and I study in [CF] ; we prove that from it one recovers the knot invariants of Reshetikhin & Turaev in [RT] .
